Abstract. We give a survey on results related to the Berglund-Hübsch duality of invertible polynomials and the homological mirror symmetry conjecture for singularities.
Introduction
V. I. Arnold observed a strange duality between the 14 exceptional unimodal singularities. When physicists came up with the idea of mirror symmetry, it was found that Arnold's strange duality can be considered as part of the mirror symmetry of K3 surfaces. In his 1994 talk at the International Congress of Mathematicians, M. Kontsevich [57] proposed an interpretation of the mirror phenomenon in mathematical terms which is now commonly known as the homological mirror symmetry conjecture. It was originally formulated for two mirror symmetric Calabi-Yau manifolds X and X ′ and states that there is an equivalence between the derived category of coherent sheaves on X and the derived Fukaya category of X ′ and vice versa.
Kontsevich also suggested that homological mirror symmetry can be extended to a more general setting by considering Landau-Ginzburg models. Many aspects of Landau-Ginzburg models are related to singularity theory. One of the early constructions of mirror symmetric manifolds was the construction of P. Berglund and T. Hübsch [5] . They considered a polynomial f of a special form, a so called invertible one, and its Berglund-Hübsch transpose f : see Sect. 3. These polynomials can be considered as potentials of Landau-Ginzburg models. This construction can also be generalized to an orbifold setting. One can formulate different versions of the homological mirror symmetry conjecture for Berglund-Hübsch pairs. It turned out that Arnold's strange duality is also part of this duality and features of Arnold's strange duality appeared as features of homological mirror symmetry. We review results related to these conjectures.
We briefly outline the contents of this survey. We start by discussing Arnold's strange duality. In Sect. 3, we review the notion of an invertible polynomial and the Berglund-Hübsch construction. In Sect. 4, we state the homological mirror symmetry conjectures for invertible polynomials. In Sect. 5, we give a survey on the evidence for these conjectures. More precisely, we give a generalization of Arnold's strange duality. In Sect. 6 , we show that the mirror symmetry for BerglundHübsch dual pairs also holds on the level of suitably defined Hodge numbers. For this purpose we discuss the notion of an orbifold E-function of a polynomial with an isolated singularity at the origin and we consider these functions for dual pairs. Another feature of Arnold's strange duality was discovered by K. Saito and is known as Saito duality. We discuss how this duality generalizes to the BerglundHübsch duality. In Sect. 8, we compile the more detailed information one has about specific classes of singularities, like the simple, unimodal and bimodal singularities. Finally, we derive in Sect. 9 the extension of Arnold's strange duality involving complete intersection singularities [38] from the Berglund-Hübsch construction.
Arnold's strange duality
According to Arnold's classification of singularities [1] , there are 14 exceptional unimodal singularities. Setting the modulus equal to zero, they can be given by equations f (x, y, z) = 0 where the polynomial f is given in Table 1 . We use the name of Arnold for the corresponding singularity.
We associate Dolgachev and Gabrielov numbers to these singularities as follows. Consider the quotient stack
This is a Deligne-Mumford stack and can be regarded as a smooth projective line P 1 with three isotropic points of orders α 1 , α 2 , α 3 . The numbers (α 1 , α 2 , α 3 ) are called the Dolgachev numbers of f [11, 12] .
The manifold V f := f −1 (1) is called the Milnor fibre of f . Since f has an isolated singularity at the origin, the only interesting homology group is H 2 (V f , Z). We denote by , the intersection form on H 2 (V f , Z) and by H = (H 2 (V f , Z), , ) the Milnor lattice. A. M. Gabrielov [43] has shown that there exists a weakly distinguished basis of vanishing cycles of H with a Coxeter-Dynkin diagram of the form of Fig. 1 . The author [16] (see also [19] ) has shown that one can even find a distinguished basis [23] ). The numbers γ 1 , γ 2 , γ 3 are called the Gabrielov numbers of the singularity. Here each vertex represents a sphere of self-intersection number −2, two vertices connected by a single solid edge have intersection number 1, two vertices connected by a double broken line have intersection number −2 and vertices which are not connected have intersection number 0.
Arnold [1] has now observed: There exists an involution X → X ∨ (indicated in Table 1 ) on the set of the 14 exceptional unimodal singularities, such that the Consider f as a function f : (C 3 , 0) → (C, 0). A characteristic homeomorphism of the Milnor fibration of f induces an automorphism c :
It is the Coxeter element corresponding to a distinguished basis {δ 1 , . . . , δ µ } of vanishing cycles of f . By this we mean the following: Each vanishing cycle δ i defines a reflection
It is a well known theorem (see e.g. [6] ) that the eigenvalues of c are roots of unity. This means that the characteristic polynomial φ(λ) = det(λI − c) of c is a monic polynomial the roots of which are roots of unity. Moreover, since f is weighted homogeneous, the operator c has finite order h. Such a polynomial can be written in the form
K. Saito [65, 66] defines a dual polynomial φ ∨ (λ) to φ(λ):
He obtains the following result. The author and C.T.C. Wall [38] discovered an extension of Arnold's strange duality embracing on one hand series of bimodal singularities and on the other, isolated complete intersection singularities (ICIS) in C 4 . The duals of the complete intersection singularities are not themselves singularities, but are virtual (k = −1) cases of series (e.g. W 1,k : k ≥ 0) of bimodal singularities. They associated to these Dolgachev and Gabrielov numbers and showed that all the features of Arnold's strange duality continue to hold. Moreover, in [20] the author showed that also Saito's duality holds for this duality. We come back to this extension in Sect. 9.
Invertible polynomials
We recall some general definitions about invertible polynomials.
Let f (x 1 , . . . , x n ) be a weighted homogeneous polynomial, namely, a polynomial with the property that there are positive integers w 1 , . . . , w n and d such that
We call (w 1 , . . . , w n ; d) a system of weights. (1) the number of variables (= n) coincides with the number of monomials in the polynomial f (x 1 , . . . x n ), namely,
for some coefficients a i ∈ C * and non-negative integers E ij for i, j = 1, . . . , n,
(2) the system of weights (w 1 , . . . , w n ; d) of f is uniquely determined by the polynomial f (x 1 , . . . , x n ) up to a constant factor gcd(w 1 , . . . , w n ; d), namely, the matrix E := (E ij ) is invertible over Q.
An invertible polynomial is called non-degenerate, if it has an isolated singularity at the origin.
Without loss of generality we shall assume that det E > 0.
An invertible polynomial has a canonical system of weights W f = (w 1 , . . . , w n ; d) given by the unique solution of the equation
This system of weights is in general non-reduced, i.e. in general
. . , x n ) be any polynomial. Let G h be the (finite) group of diagonal symmetries of h, i.e.
be an invertible polynomial. Consider the free abelian group ⊕ n i=1 Z x i ⊕ Z f generated by the symbols x i for the variables x i for i = 1, . . . , n and the symbol f for the polynomial f . The maximal grading L f of the invertible polynomial f is the abelian group defined by the quotient
where I f is the subgroup generated by the elements
Definition 3.4. Let f (x 1 , . . . , x n ) be an invertible polynomial and L f be the maximal grading of f . The maximal abelian symmetry group G f of f is the abelian group defined by
where CL f denotes the group ring of L f . Equivalently,
We have
Let f (x 1 , . . . , x n ) be an invertible polynomial and W f = (w 1 , . . . , w n ; d) be the canonical system of weights associated to f . Set
Note that G f always contains the exponential grading operator
where we use the notation e[−] := exp(2π √ −1 · −). Let G 0 be the subgroup of G f generated by g 0 . One has (cf. [34] )
Definition 3.5. Let f (x 1 , . . . , x n ) be a weighted homogeneous polynomial with reduced system of weights W = (w 1 , . . . , w n ; d). The integer
is called the Gorenstein parameter of f . It is also usual to denote ǫ f := −a f the Gorenstein parameter of f , see e.g. [66] .
be an invertible polynomial. Definition 3.6 (Berglund, Hübsch). Following [5] , the Berglund-Hübsch transpose of f (x 1 , . . . , x n ) of f is defined by
Definition 3.7 (Berglund, Henningson). By [4] , for a subgroup
One has the following easy facts: [4] . By [58] (see also [27, Lemma 1]), we have
For a subgroup G ⊂ G f , let G be the subgroup of G f defined by the following commutative diagram of short exact sequences
Homological mirror symmetry
There are several versions of the homological mirror symmetry conjecture for singularities. Let f (x, y, z) be a polynomial which has an isolated singularity at the origin. A distinguished basis of vanishing cycles in the Milnor fiber of f can be categorified to an A ∞ -category Fuk → (f ) called the directed Fukaya category. Any two distinguished bases of vanishing cycles are connected by a sequence of Gabrielov transformations [42] . The set of objects of Fuk → (f ) is a distinguished basis of (Lagrangian) vanishing cycles and the spaces of morphisms are Lagrangian intersection Floer complexes. It can be shown that Gabrielov transformations correspond to mutations of the category ( [68] , see also e.g. [53] ). Since different choices of distinguished bases are related by mutations, the derived category D b Fuk → (f ) is independent of this choice and is therefore, as a triangulated category, an invariant of the polynomial f . Note that the triangulated category D b Fuk → (f ) has a full exceptional collection.
On the other hand, let f (x, y, z) be a weighted homogeneous polynomial. Then one can consider as an analogue of the bounded derived category of coherent sheaves on a smooth proper algebraic variety the following triangulated category. Denote by S the polynomial ring C[x, y, z]. Let R f := S/(f ) be the coordinate ring and L f the maximal grading of f . D. Orlov [63] considered the triangulated category of a maximally-graded singularity D L f Sg (R f ) (introduced before by R.-O. Buchweitz [7] ) defined as the quotient of the bounded derived category of the category of finitely generated L f -graded R f -modules by the full triangulated subcategory corresponding to finitely generated projective L f -graded R f -modules. It Figure 2 . The quiver Tp,q,r is equivalent to the stable category of L f -graded maximal Cohen-Macaulay modules over R f and to the stable homotopy category HMF [67] ).
Moreover, one can consider the quotient stack
2. This is a smooth projective line P 1 with at most three isotropic points of orders p, q, r [33, Theorem 3] . It corresponds to a weighted projective line P 1 p,q,r with weights p, q, r [44] . Let T p,q,r be the quiver of Fig. 2 where the double dashed line corresponds to two relations as follows. Let β 1 , β 2 and β 3 be the path from δ 1 to δ 2 via δ 1 p−1 , δ 2 q−1 and δ 3 r−1 respectively. Then we consider the relations β 2 + β 3 = 0 and β 1 = β 3 . They generate an ideal I in the path algebra C T p,q,r of the quiver. We consider the category mod-C T p,q,r /I of finitely generated right modules over the factor algebra C T p,q,r /I and its bounded derived category
p,q,r ) be the bounded derived category of the category of coherent sheaves on P 1 p,q,r . W. Geigle and H. Lenzing ([44] , for the special form of the quiver see also [60, 3.9] ) proved the following theorem: Theorem 4.1 (Geigle,Lenzing). There exists a triangulated equivalence
One has the following L f -graded generalization of Orlov's semi-orthogonal decomposition theorem [63, Theorem 2.5] (see also [79] ):
where
On the other hand, consider a polynomial
This is called a polynomial of type T p,q,r . For a triple (a, b, c) of positive integers we define ∆(a, b, c) :
If ∆(p, q, r) > 0 then this polynomial has a cusp singularity at the origin. If ∆(p, q, r) = 0 and a is general, then this polynomial has a simple elliptic singularity at the origin. If ∆(p, q, r) < 0 then there are other singularities outside the origin and we consider this polynomial as a global polynomial. A distinguished basis of vanishing cycles of such a polynomial (in the case ∆(p, q, r) < 0 taking the other singularities into account as well) is given by
with a Coxeter-Dynkin diagram corresponding to the undirected graph T p,q,r underlying the quiver in Fig. 2 . It is known that the Berglund-Hübsch duality for some polynomials with nice properties gives the systematic construction of mirror pairs of Calabi-Yau manifolds and induces the homological mirror symmetry. Therefore, we may expect that the homological mirror symmetry can also be categorified to the following: [80, 79] ). Let f (x, y, z) be an invertible polynomial.
(1) There should exist a triangulated equivalence
(2) There should exist a triangulated equivalence
(3) These triangulated equivalences should be compatible in the following sense:
related by Theorem 4.2 and
A proof of the first part of this conjecture for the simple (ADE) singularities can be derived from a theorem of H. Kajiura, K. Saito and A. Takahashi [48, Theorem 3 .1] and results of P. Seidel [69, Proposition 3.4] , [71] (see also [70] ). Moreover, it was proved by K. Ueda [83] for simple elliptic singularities. The first part of this conjecture can also be stated for invertible polynomials in any number of variables. In this form, it was proved by M. Futaki and K.Ueda for BrieskornPham singularities [40] and for singularities of type D [41] . In all these cases, the polynomial f is self-dual, i.e. f = f . The second part of this conjecture was proved for the case r = 1 by P. Seidel [69] , D. van Straten [78] and D. Auroux, L. Katzarkov and D. Orlov [3] , for the case r = 2 by A. Takahashi [81] and in general by A. Keating [51] .
Now consider an invertible polynomial f (x, y, z) and a finite group G of diagonal symmetries of f . We assume that G contains the group G 0 generated by the exponential grading operator g 0 . The orbifold curve
The group G leaves F invariant and we can consider a crepant resolution Y → U/ G given by the G-Hilbert scheme and the proper transform
Let HMF G S (f ) be the stable homotopy category of G-graded matrix factorizations of f . Let D b CohC (f,G) be the derived category of the category of coherent sheaves on C (f,G) .
We arrive at the following generalization of Conjecture 4.3 (cf. [34] ):
Conjecture 4.4 (E., Takahashi). There should exist triangulated equivalences
where the two lines are related by semi-orthogonal decompositions,
− xyz is right equivalent to f (x, y, z) − xyz, and −// G means the smallest triangulated category containing the orbit category −/ G (cf. [2, 8] for orbit categories; see also [52] ).
Strange duality
We now give some evidence for the conjectures stated in the last section.
Let f (x 1 , . . . , x n ) be an invertible polynomial and G ⊂ G f a subgroup of the maximal group of symmetries. We shall investigate the correspondence
First let n = 3, f (x, y, z) be a non-degenerate invertible polynomial such that f (x, y, z) is non-degenerate as well and let G = G f . Then the correspondence
was considered in [33] . We defined Dolgachev numbers for a pair (f, G f ) and Gabrielov numbers for a pair (f, {e}) as follows.
The quotient stack
is a smooth projective line P 1 with at most three isotropic points of orders α 1 , α 2 , α 3 (see Sect. 4). 
Namely, the Dolgachev numbers A (f,G f ) for the pair (f, G f ) coincide with the Gabrielov numbers Γ ( f ,{e}) for the pair ( f , {e}) and the Dolgachev numbers
for the pair ( f , G f ) coincide with the Gabrielov numbers Γ (f,{e}) for the pair (f, {e}).
The 14 exceptional unimodal singularities can be given by non-degenerate invertible polynomials f (x, y, z) with G f = G 0 . These are the polynomials indicated in Table 1 . The Dolgachev and Gabrielov numbers coincide with the corresponding numbers indicated in this table. Therefore we obtain Arnold's strange duality as a special case of this theorem. We come back to this duality in Sect. 8.
More generally, let f (x, y, z) be a non-degenerate invertible polynomial such that f (x, y, z) is non-degenerate as well, but now consider a subgroup G with
In [34] we defined Dolgachev numbers for the pair (f, G) with G 0 ⊂ G and Gabrielov numbers for a pair (f, G) with G ⊂ SL n (Z) as follows.
can be regarded as a smooth projective curve of genus g (f,G) with a finite number of isotropic points.
Definition 5.4. The orders α 1 , . . . , α r of the isotropy groups of these points are called the Dolgachev numbers of the pair (f, G) and denoted by A (f,G) .
By [34, Theorem 4.6] , the Dolgachev numbers of the pair (f, G) can be computed from the Dolgachev numbers of the pair (f, G f ) as follows. 
where we omit numbers which are equal to one on the right-hand side.
We define the stringy Euler number of the orbifold curve C (f,G) by
) be the Gabrielov numbers of the pair (f, {e}) and let K i ⊂ G be the maximal subgroup of G fixing the coordinate x i , i = 1, 2, 3. Then the Gabrielov numbers of the pair (f, G) are the numbers γ 1 , . . . , γ s defined by
where we omit numbers which are equal to one on the right-hand side. We denote this tuple of numbers by Γ (f,G) .
In [36] , we gave a geometric definition of these numbers as lengths of arms of a certain Coxeter-Dynkin diagram: Let U be a suitably chosen submanifold of C 3 . We consider a crepant resolution Y → U/G and the preimage Z of the image of the Milnor fibre of the cusp singularity
under the natural projection U → U/G. Using the McKay correspondence, we constructed a basis of the relative homology group H 3 (Y, Z; Q) with a Coxeter-Dynkin diagram where one can read off the Gabrielov numbers.
Let G be a finite group acting linearly on C n . For an element g ∈ G, its age [47] is defined by age (g) := n i=1 α i , where in a certain basis in C n one has g = diag (e[α 1 ], . . . , e[α n ]) with 0 ≤ α i < 1. Now let G ⊂ SL n (Z). Then the age of an element g ∈ G is an integer. Define
By [34, Theorem 7 .1] we have the following result:
Theorem 5.7 (E., Takahashi). Let f (x, y, z) be a non-degenerate invertible polynomial such that f (x, y, z) is non-degenerate as well and let
where F is a polynomial of type
with the Gabrielov numbers (γ
) for the pair ( f , {e}).
Orbifold E-functions
We now show that the mirror symmetry for Berglund-Hübsch dual pairs also holds on the level of suitably defined Hodge numbers. Therefore we discuss the notion of an orbifold E-function for a polynomial with an isolated singularity at the origin.
Let f (x 1 , . . . , x n ) be a polynomial with f (0) = 0 and with an isolated singularity at 0. We regard the polynomial f as a holomorphic map f : V → C where V is a suitably chosen neighbourhood of 0 ∈ C n so that the fibration f has good technical properties.
Consider the Milnor fibre V f := {x ∈ V | f (x) = 1} of the fibration f : X → C. J. H. M. Steenbrink [75] constructed a canonical mixed Hodge structure on the vanishing cohomology H n−1 (V f , C) with an automorphism c given by the Milnor monodromy.
We can naturally associate a bi-graded vector space to a mixed Hodge structure with an automorphism. Consider the Jordan decomposition c = c ss · c unip of c where c ss and c unip denote the semi-simple part and unipotent part respectively. For λ ∈ C, let
Denote by F • the Hodge filtration of the mixed Hodge structure. (2) If p + q = n and p ∈ Z, then
where [p] is the largest integer less than p.
Let G be a subgroup of the maximal group G f of diagonal symmetries of f . For g ∈ G, we denote by Fix g := {x ∈ C n | g · x = x} the fixed locus of g, by n g := dim Fix g its dimension and by f g := f | Fix g the restriction of f to the fixed locus of g. Note that the function f g has an isolated singularity at the origin [35, Proposition 5] .
We shall use the fact that H f g admits a natural G-action by restricting the G-action on C n to Fix g (which is well-defined since G acts diagonally on C n ). To the pair (f, G) we can associate the following Q × Q-graded super vector space:
where (H f g ) G denotes the G-invariant subspace of H f g .
Definition 6.3 ([29])
. The E-function for the pair (f, G) is
In general, we may have both (H f,G,0 ) p,q = 0 and (H f,G,1 ) p,q = 0 for some p, q ∈ Q (see [29] ). However we have the following proposition (see [29, Proposition 3] ):
p,q = 0 for all p, q ∈ Q and i ∈ Z/2Z.
Definition 6.5. Let f (x 1 , . . . , x n ) be a non-degenerate invertible polynomial and G a subgroup of G f . Assume G ⊂ SL(n; C) or G ⊃ G 0 . The Hodge numbers for the pair (f, G) are
Proposition 6.6. Let f (x 1 , . . . , x n ) be a non-degenerate invertible polynomial and G a subgroup of G f . The E-function is given by
Therefore, in the case that f is a non-degenerate invertible polynomial and G ⊂ SL n (C), the definition of the E-function for the pair (f,
Definition 6.7. Let f (x 1 , . . . , x n ) be a polynomial with an isolated singularity at the origin invariant under a group G ⊂ SL n (C). The E-function of the pair (f, G) is defined by
The E-function of the pair (f, G) is the generating function of the exponents of the pair (f, G). An exponent of the pair (f, G) is a rational number q with h p,q (f, G) = 0. The set of exponents of the pair (f, G) is the multi-set of exponents
where by u * v we denote v copies of the rational number u. It is almost clear that the mean of the set of exponents of (f, G) is n/2, namely, we have
It is natural to ask what is the variance of the set of exponents of (f, G) defined by
In [35] we have proved:
non-degenerate weighted homogeneous polynomial invariant under a group G ⊂ SL n (C). Then one has
We also define (see [ Definition 6.9. Let f (x 1 , . . . , x n ) be a polynomial with an isolated singularity at the origin invariant under a group G ⊂ SL n (C). The characteristic polynomial of the pair (f, G) is φ(f, G)(t) :=
We have (see [34, Theorem 5 .12]):
where γ 1 , . . . , γ s are the Gabrielov numbers defined in Sect. 5.
The characteristic polynomial φ(f, G)(t) agrees with the reduced orbifold zeta function ζ orb f,G (t) defined in [27] . Its degree is the reduced orbifold Euler characteristic χ(V f , G) of (V f , G) (see below).
From physical reasons [4] , one expects that there is the following relation between the orbifold E-functions of dual pairs. This was proved in [29] . Theorem 6.11 (E., Gusein-Zade, Takahashi). Let f (x 1 , . . . , x n ) be a non-degenerate invertible polynomial and G a subgroup of G f . Then
E(f, G)(t,t) = (−1)
n E( f , G)(t −1 ,t).
Using Proposition 6.6, we can derive from this theorem the mirror symmetry of dual pairs on the level of Hodge numbers: Corollary 6.12. Let f (x 1 , . . . , x n ) be a non-degenerate invertible polynomial and G a subgroup of G f ∩ SL(n; C). Then for all p, q ∈ Q, one has
As another corollary, we get the main result of [27] :
From this we derive the main result of [26]:
Corollary 6.14. One has
Note that the latter two results were even proven without the assumption of non-degeneracy.
We also obtain as a corollary from Theorem 6.8 and Theorem 6.11:
Corollary 6.15. Let f (x 1 , . . . , x n ) be a non-degenerate invertible polynomial and G a subgroup of G f containing G 0 . Then one has
Saito duality
In this section we consider a generalization of Saito's duality (Theorem 2.1) to the Berglund-Hübsch duality. For this we recall the notion of the Burnside ring of a finite group (see [55] ). Let G be a finite group. A G-set is a set with an action of the group G. A G-set is irreducible if the action of G on it is transitive. Isomorphism classes of irreducible G-sets are in one-to-one correspondence with conjugacy classes of subgroups of G: to the conjugacy class containing a subgroup H ⊂ G one associates the isomorphism class [G/H] of the G-set G/H.
Definition 7.1. The Burnside ring B(G) of G is the Grothendieck ring of finite G-sets, i.e. it is the (abelian) group generated by the isomorphism classes of finite G-sets modulo the relation [A ∐ B] = [A] + [B] for finite G-sets A and B.
The multiplication in B(G) is defined by the cartesian product.
As an abelian group, B(G) is freely generated by the isomorphism classes of irreducible G-sets. The element 1 in the ring B(G) is represented by the G-set consisting of one point (with the trivial G-action).
Let V be a "good" topological space, say, a union of cells in a finite CWcomplex or a quasi-projective complex or real analytic variety. Let G be a finite group acting on V . For x ∈ V , denote by G x the isotropy subgroup of x. For a subgroup H ⊂ G let V H be the set of all fixed points of H. Denote by V (H) the set of points of V with isotropy group H. Finally, let
The equivariant Euler characteristic was defined in [84, 82] .
Definition 7.2. The equivariant Euler characteristic of the
where Conjsub G denotes the set of conjugacy classes of subgroups of G and χ(Z) denotes the usual Euler characteristic of the topological space Z.
There is also the notion of an orbifold Euler characteristic ( [9, 10] , see also [46] and the references therein): Definition 7.3. The orbifold Euler characteristic of the G-space V is defined by
where g, h is the subgroup of G generated by g and h.
There is a map r
• The reduced orbifold Euler characteristic of the G-space V is
We have r
For a group G let G * := Hom(G, C * ) be its group of characters. 
In [25] it was proved:
In the special case when the groups of diagonal symmetries of the dual polynomials are cyclic and are generated by the monodromy transformations, this yields the original Saito duality (Theorem 2.1). Moreover, it is shown in [25] that the relation between "geometric roots" of the zeta functions for some Berglund-Hübsch dual invertible polynomials described in [24] is a special case of Theorem 7.6. One can also derive Corollary 6.14 from this theorem.
In order to derive Corollary 6.13 from a similar result, we considered in [28] an enhancement of the Burnside ring: Definition 7.7. A finite enhanced G-set is a triple (X, h, α), where: 1) X is a finite G-set;
2) h is a one-to-one G-equivariant map X → X;
3) α associates to each point x ∈ X a one-dimensional (complex) representation α x of the isotropy subgroup G x = {a ∈ G : ax = a} of the point x so that:
Definition 7.8. The enhanced Burnside ring B(G) is the Grothendieck group of finite enhanced G-sets.
Let V be a complex manifold with a complex analytic action of a finite group G. For a point x ∈ V we consider the one-dimensional representation α x : G x → C * defined by α x (g) = e[age(g)]. Let ϕ : V → V be a G-equivariant map with α ϕ(x) = α x for all x ∈ V . In [28] we defined an enhanced Euler characteristic
. Now let G again be abelian. Let B 1 (G) be the subgroup of B(G) generated by the isomorphism classes of finite enhanced sets (X, h, α) such that h(x) ∈ Gx for all x ∈ X. As an abelian group it is freely generated by the classes [G/H, h, α] where
The factor group G/H is canonically isomorphic to H * = Hom( H, C * ) and the group of characters H * = Hom(H, C * ) is canonically isomorphic to G * / H. In this way, the element h ∈ G/H defines a 1-dimensional representation h : H → C * and the representation α : H → C * defines an element α ∈ G * / H. Definition 7.9. The enhanced equivariant Saito duality between B 1 (G) and
In [28] we proved: 
It is shown in [28] that one can derive Corollary 6.13 from this theorem.
Examples
We first consider Arnold's classification of singularities [1] . We first have the simple singularities which are also called the ADE singularities. They are given by invertible polynomials f with a f < 0. These polynomials together with the corresponding Dolgachev and Gabrielov numbers are given in [33, Table 5 ]. In Table 2 we indicate for each ADE singularity a non-degenerate invertible polynomial f (x, y, z) with the correct Dolgachev and Gabrielov numbers. The corresponding polynomials f are self-dual and the Dolgachev and Gabrielov numbers of f coincide. Moreover, the surface singularity given by f = 0 has a minimal resolution with an exceptional configuration E whose dual graph is given by Fig. 3 . Here E and E i 1 , . . . , E i αi−1 for i = 1, 2, 3 are smooth rational curves of self-intersection number −2 and α 1 , α 2 , α 3 are the Dolgachev numbers of f . In Figure 3 . The dual graph of E this case this graph coincides with the Coxeter-Dynkin diagram corresponding to a distinguished basis of vanishing cycles of this singularity. The graph is a classical Coxeter-Dynkin diagram of a root system of type A µ , D µ , E 6 , E 7 or E 8 . This is the reason why these singularities are called the ADE singularities.
These singularities have many characterizations. The ADE singularities are just the quotients of C 2 by a finite subgroup Γ ⊂ SL(2; C). Let ρ 0 , ρ 1 , . . . , ρ ℓ be the equivalence classes of irreducible finite dimen-sional complex representations of Γ where ρ 0 is the class of the trivial representation. J. McKay [62] has observed that if ρ : Γ → SL(2; C) is the given 2-dimensional representation of Γ then the (ℓ + 1) × (ℓ + 1)-matrix B = (b ij ), defined by decomposing the tensor products ρ j ⊗ ρ = i b ij ρ i into irreducible components, satisfies B = 2I − C where C is the affine Cartan matrix of the corresponding root system. The Coxeter-Dynkin diagram corresponding to C is just the extended CoxeterDynkin diagram of the corresponding root system. This is obtained by joining an additional vertex (corresponding to the trivial representation ρ 0 ) to the vertices E and E 3 1 in the case A µ ((α 1 , α 2 , α 3 ) = (1, 1, µ) [19] that the corresponding diagram can be transformed to a diagram of type T α1,α2,α3 by Gabrielov transformations (see Fig. 2 ).
G. Gonzalez-Sprinberg and J.-L. Verdier [45] and independently H. Knörrer [54] gave a geometric interpretation of the McKay correspondence by identifying the Grothendieck group of the category of coherent sheaves on the minimal resolution with the representation ring of Γ. M. Kapranov and E. Vasserot [50] extended these results to the derived category of coherent sheaves on the minimal resolution, not just the Grothendieck group.
Let A f be the coordinate ring of the weighted homogeneous polynomial f . It is graded according to the weights of the variables. Let P f (t) be the Poincaré series of the graded algebra A f . Let c f,− and c f,0 be the Coxeter element of the root system and the affine root system associated to the singularity f and φ f,− (t) and φ f,0 (t) respectively the corresponding characteristic polynomial. The author has proved [21] : Theorem 8.1. For a simple singularity not of type A 2k we have
R. Stekolshchik has generalized this theorem to the root systems with non simply laced Coxeter-Dynkin diagrams [76, 77] .
The minimal resolution of an ADE singularity can be compactified to a rational surface S f containing the exceptional configuration E. The author and D. Ploog [30] have given the following geometric realization of the graph T α1,α2,α3 .
Let Coh(S f ) be the abelian category of coherent sheaves on S f and K(S f ) its Grothendieck K-group. There is a natural bilinear pairing on K(S f ) given by the Euler form χ(A, B)
for two coherent sheaves A and B on S f . Let N (S f ) be the numerical K-group which is obtained from K(S f ) by dividing out the radical of the Euler form. Denote by Coh E (S f ) the abelian subcategory of Coh(S f ) consisting of sheaves whose support is contained in E and let K E (S f ) be its K-group. The curves E and E 
in N (S f ) is encoded by the graph T α1,α2,α3 (see Fig. 2 ) with the length of arms being equal to the Dolgachev numbers α 1 , α 2 , α 3 of f . Using this description, the author and Ploog have given another proof of Theorem 8.1 [30] . In [48] , H. Kajiura, K. Saito and A. Takahashi proved the existence of a full strongly exceptional sequence in D L f Sg (R f ) for a polynomial f of ADE type. D. Kussin, H. Lenzing and H. Meltzer [59] discuss relations of these categories with weighted projective lines.
The unimodal singularities are the simple elliptic singularities E 6 , E 7 and E 8 given by polynomials of type T 3,3,3 , T 2,4,4 and T 2,3,6 respectively (where a f = 0), the singularities of type T p,q,r with ∆(p, q, r) > 0 and the 14 exceptional unimodal singularities (with a f = 1). Invertible polynomials for the simple elliptic singularities are given in [33, Table 6 ]. The singularities of type T p,q,r with ∆(p, q, r) > 0 are not weighted homogeneous.
Now we come back to Arnold's strange duality. Let f (x, y, z) be one of the invertible polynomials of Table 1 . Then a f = 1 and a Coxeter-Dynkin diagram of f is given by the graph S γ1,γ2,γ3 which is an extension of the graph T γ1,γ2,γ3 by one vertex in accordance with Conjecture 4.3. Here γ 1 , γ 2 , γ 3 are the Gabrielov numbers of f .
H. Pinkham [64] and I. V. Dolgachev and V. V. Nikulin [15] have shown that the Milnor fibre V f can be compactified in a weighted projective space P(x, y, z, w) so that after minimal normal crossing resolution of singularities one obtains a K3-surface S f . In this way, Arnold's strange duality can be considered as a special case of the mirror symmetry of K3-surfaces (see [13] ). One can use this K3-surface to find a categorical realization of a Coxeter-Dynkin diagram of the dual singularity, namely of the graph S α1,α2,α3 , where α 1 , α 2 , α 3 are the Dolgachev numbers of f . This was obtained by the author and Ploog [30] .
Namely, the K3-surface S f carries an exceptional configuration E at ∞ whose dual graph is given by Fig. 3 . Here E and E i 1 , . . . , E i αi−1 for i = 1, 2, 3 are again smooth rational curves of self-intersection number −2 and α 1 , α 2 , α 3 are the Dolgachev numbers of f . The same construction as above can be applied to the K3 surface S f . Moreover, the structure sheaf O S f of the K3-surface S f is also spherical. We consider in this case the classes
in N (S f ). The Euler pairing between these classes is encoded by the graph S α1,α2,α3 (see Fig. 1 ) with the lengths of arms being equal to the Dolgachev numbers α 1 , α 2 , α 3 of f . Let c f,+ be the Coxeter element corresponding to this graph and φ f,+ (t) be its characteristic polynomial. The author has shown [22] :
More generally, this result was proved for so-called Fuchsian singularities. These are normal surface singularities with a good C * -action which are related to Fuchsian groups of the first kind. The hypersurface singularities among the Fuchsian singularities are just given by invertible polynomials f with a f = 1. In this case, the orbifold curve C (f,G0) is of the form H/Γ where H is the upper half plane and Γ is a Fuchsian group of the first kind. The genus g (f,G0) is called the genus of the Fuchsian singularity. There are 31 such singularities [74, 85] . There are 22 such singularities with genus g (f,G0) = 0. They include the 14 exceptional unimodal singularities, the 6 heads of the bimodal series (see below) and two more.
A possible generalization of the McKay correspondence for Fuchsian groups of genus 0 has been discussed by I. Dolgachev [14] . H. Lenzing and J. A. de la Peña [60] derived Theorem 8.2 for Fuchsian singularities of genus 0 from the representation theory of certain algebras related with weighted projective lines. In [30, 31] the author and Ploog derive this result for smoothable Fuchsian singularities of any genus from a generalization of the categorical approach indicated above.
In [30] , the Coxeter elements were described as autoequivalences of triangulated categories as follows. 
which is an autoequivalence of the category [73] . Consider the autoequivalences
The autoequivalences c f,0 and c f,+ correspond to the Coxeter elements of the graphs T α1,α2,α3 and S α1,α2,α3 respectively. In [49] , H. Kajiura, K. Saito and A. Takahashi proved the existence of a full strongly exceptional sequence in D L f Sg (R f ) for a weighted homogeneous polynomial f of with ε f = −a f = −1 and genus g (f,G0) = 0. This includes the case of the 14 exceptional unimodal singularities. Lenzing and de la Peña [60] proved that the category D L f Sg (R f ) in this case is equivalent to the derived category of finitely generated modules over the extended canonical algebra associated with the weighted projective line C (f,G f ) . The relation between the categories D L f Sg (R f ) and D f,+ for the 14 exceptional unimodal singularities was studied by M. Kobayashi, M. Mase and K. Ueda in [56] .
We now turn to the bimodal singularities. They are also classified by Arnold [1] . They fall into the following 8 infinite series of singularities (for k ∈ Z) One can find weighted homogeneous polynomials for the classes for k = 0 in the series and for the 14 exceptional singularities. In each of these classes, one can find a non-degenerate invertible polynomial f . These polynomials, their BerglundHübsch transposes and their Dolgachev numbers A (f,G f ) = (α 1 , α 2 , α 3 ) and Gabrielov numbers Γ (f,{e}) = (γ 1 , γ 2 , γ 3 ) are indicated in Table 3 . Note that the dual singularities are only bimodal for the self-dual cases, in the other cases other singularities are involved. Table 3 . Strange duality of the bimodal singularities
The Gorenstein parameter a f takes the value 1 for the classes for k = 0 in the series and it takes the values 2,3 and 5 for the exceptional bimodal singularities. Coxeter-Dynkin diagrams with respect to distinguished bases of vanishing cycles for the bimodal singularities have been computed in [17] . Each of these diagrams is an extension of the corresponding graph T γ1,γ2,γ3 by a f vertices in accordance with Conjecture 4.3. The author and Ploog [32] have given a geometric construction of these Coxeter-Dynkin diagrams by a procedure as above using compactifications of the Milnor fibres of the polynomials f . (Note that there are some mistakes in [32, Table 4 ], they are corrected in arXiv:1102.5024.) M. Mase and K. Ueda [61] have shown that this result can also be derived from Conjecture 4.3 and they used our construction to relate the Berglund-Hübsch duality in this case to Batyrev's polar duality for the associated toric K3 surfaces.
We also mention some other examples given in [34] . Consider the invertible polynomial f (x, y, z) = x 2 + xy 3 + yz 5 . The canonical system of weights is W f = (15, 5, 5; 30), so c f = 5 and the reduced system of weights is W red f = (3, 1, 1; 6) . This is again a singularity with a f = 1, but the genus of C (f,G0) is equal to two and there are no isotropic points. The Dolgachev numbers of the pair (f, G . This group has two elements of age 1. The singularity f T (x, y, z) − xyz is right equivalent to the cusp singularity x 5 + y 5 + z 5 − xyz. We recover the example of Seidel [72] . Similarly, let f (x, y, z) = x 3 y + y 3 z + z 3 x. Then again a f = 1, the genus of C (f,G0) is equal to three and there are no isotropic points. The group G T 0 is generated by the element (e[ 7 ], e[ T (x, y, z) − xyz is right equivalent to the cusp singularity x 7 + y 7 + z 7 − xyz. More generally, let g be an integer with g ≥ 2 and consider the invertible polynomial f (x, y, z) = x 2g+1 + y 2g+1 + z 2g+1 together with the group G generated by (e[ 
Complete intersection singularities as mirrors
We shall now derive the extension of Arnold's strange duality discovered by the author and C. T. C. Wall from the mirror symmetry and the Berglund-Hübsch transposition of invertible polynomials. This is the contents of the paper [37] .
The invertible polynomials f (x, y, z) given in Table 3 for the singularities J 3,0 , Z 1,0 , Q 2,0 , W 1,0 , S 1,0 and U 1,0 , which are the heads of the bimodal series, sat-
There corresponds an action of G 0 = Z/2Z on the transpose polynomial f . We choose the coordinates such that this action is given by (x, y, z) → (−x, −y, z). The Dolgachev numbers of the pairs (f, G 0 ) are given in Table 4 (see also [34, Table 4 ]). Moreover, there is a one-parameter family F (depending on a complex parameter a) of weighted homogeneous polynomials defining these singularities, it is also indicated in Table 4 . It is natural from the mirror symmetry view point to expect that adding one monomial to an invertible polynomial is dual to having another C * -action on the dual polynomial. This will be elaborated in the sequel. 
, is a smooth projective line with 4 isotropic points whose orders are α 1 , α 2 , α 3 , α 4 , where A (f,G0) = (α 1 , α 2 , α 3 , α 4 ) are the Dolgachev numbers of the pair (f, G 0 ) defined above, for general a 1 , a 2 , a 3 , a 4 . These matrices are classified in [37, Proposition 2] .
We associate to these matrices a pair of polynomials as follows. We observe that the kernel of the matrix E T is either generated by the vector (1, 1, 0, −2) T or by the vector (1, 1, −1, −1)
T . Let R := C[x, y, z, w]. In the first case, there exists a Z-graded structure on R given by the C * -action λ * (x, y, z, w) = (λx, λy, z, λ −2 w) for λ ∈ C * .
In the second case, there exists a Z-graded structure on R given by the C * -action λ * (x, y, z, w) = (λx, λy, λ −1 z, λ −1 w) for λ ∈ C * .
Let R = i∈Z R i be the decomposition of R according to one of these Z-gradings. Let E T be the transposed matrix. We associate to this the polynomial
In the first case, we have f ∈ R 0 = C[x 2 w, y 2 w, z, xyw]. Let X := x 2 w, Y := y 2 w, Z := z, W := xyw.
In these new coordinates, we obtain a pair of polynomials f 1 (X, Y, Z, W ) = XY − W 2 , f 2 (X, Y, Z, W ) = f (X, Y, Z, W ).
In the second case, we have f ∈ R 0 = C[xw, yz, xz, yw]. Let X := xw, Y := yz, Z := xz W := yw.
In these new coordinates, we obtain a pair of polynomials Now we choose for each of the matrices E special values a 1 , a 2 , a 3 , a 4 such that the corresponding polynomial F has a non-isolated singularity. We denote this polynomial by f . In two cases, we already have additional conditions on the parameters. In the remaining cases, we consider conditions on the parameters p 1 , p 2 , p 3 (p 1 , q 2 , q 3 ) such that the polynomial f (x, y, z) is of the form f (x, y, z) = u(x, y, z) + v(x, y, z)(x − y e ) or f (x, y, z) = u(x, y, z) + v(x, y, z)(y − x e ) with [G f : G 0 ] = 2 and a f = 0. Next consider the case a f = 1. It turns out that the virtual singularities in this case are exactly the virtual singularities corresponding to the bimodal series. Namely, by setting k = −1 in Arnold's equations one obtains polynomials which are similar to our polynomials h for certain types and parameters p 1 , p 2 , p 3 or p 1 , q 2 , q 3 respectively. These types and parameters are listed in Table 6 together with the corresponding Dolgachev and Gabrielov numbers of h and the corresponding dual pairs ( f 1 , f 2 ) defining an isolated complete intersection singularity (ICIS). Table 6 . Strange duality between virtual bimodal singularities and ICIS Let h(x, y, z) = 0 be the equation for one of the virtual bimodal singularities. It turns out that h has besides the origin an additional critical point which is of type A 1 . One can find a Coxeter-Dynkin diagram with respect to a distinguished basis of vanishing cycles corresponding to all the critical points of the form S γ1,γ2,γ3 where γ 1 , γ 2 , γ 3 are the Gabrielov numbers of h.
To a graph of type S γ1,γ2,γ3 , there corresponds an extended canonical algebra in the sense of [60] . The 14 cases of the exceptional unimodal singularities (see Table 1 ) and the 8 cases of Table 6 correspond to those extended canonical algebras where the number t of weights is equal to 3 and the Coxeter element is semi-simple and has only roots of unity as eigenvalues (cf. [18, Theorem 3.4.3 and 
